An inverse radiative transfer in refractive media equipped with a
  magnetic field by Assylbekov, Yernat M. & Yang, Yang
ar
X
iv
:1
30
9.
79
81
v1
  [
ma
th.
AP
]  
30
 Se
p 2
01
3
AN INVERSE RADIATIVE TRANSFER IN REFRACTIVE
MEDIA EQUIPPED WITH A MAGNETIC FIELD
YERNAT M. ASSYLBEKOV AND YANG YANG
Abstract. We study the reconstruction of the attenuation and absorption co-
efficients in a stationary linear transport equation from knowledge of albedo
operator in dimension n ≥ 3 on a Riemannian manifold in the presence of a
magnetic field. We show the direct boundary value problem is well posed under
two types of subcritical conditions. We obtain uniqueness and non-uniqueness
results of the reconstruction under some restrictions. Finally, stability esti-
mates are also established.
1. Introduction
In this article we study an inverse problem of radiative transfer on a Riemann-
ian manifold in the presence of a magnetic field. More precisely, we consider the
problem of recovering the absorption and scattering properties of a medium from
the measurements of the response to near-infrared light of the density of particles
at the boundary. This problem is also called optical tomography and has been
applied to the problems of medical imaging; see [5] for more details. There are
many other applications of the optical tomography such as diffused tomography
[28], atmospheric remote sensing [8], nuclear physics [15].
Mathematically, radiative transfer is governed by the fundamental law that de-
scribes the scattering of a low-density beam of particles from higher-density mate-
rial. This law is essentially a balance equation that is called transport equation.
When the density of particles is low enough that interaction between particles may
be neglected, the transport equation is called linear. The earliest investigation of
linear transport equation were carried out due to its appearance in the theory of
radiative transfer, in a simple neutron diffusion situation, in the theory of plasmas,
as well as in sound propagation theory. When the scattering process is independent
of time, the transport equation is called stationary. In this paper our main interest
lies in the stationary linear transport equation.
In many cases one has to consider the transport equation in the presence of a mag-
netic field. For instance, the particles used in optical tomography may be charged
during their migration and, with the existence of a magnetic field, experiencing a
magnetic force. Similar situation occurs in the transport of charged plasmas when
embedded into a magnetic filed. Therefore, it is necessary to study the above inverse
radiative transfer problem with the existence of a magnetic field. In the following
we shall consider this problem in a more general setting, that is, we shall consider
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the inverse problem of a radiative transfer for stationary linear transport equation
on a Riemannian manifold in the presence of a magnetic field.
Now we describe the mathematical model of this problem. Suppose the medium
is a compact n-dimensional smooth manifold M with boundary endowed with Rie-
mannian metric g. Let pi : TM →M denote the canonical projection, pi : (x, ξ) 7→ x,
x ∈ M , ξ ∈ TxM . Denote by ω0 the canonical symplectic form on TM , which is
obtained by pulling back the canonical symplectic form of T ∗M via the Riemannian
metric. Let H : TM → R be defined by
H(x, ξ) =
1
2
|ξ|2g(x), (x, ξ) ∈ TM.
The Hamiltonian flow of H with respect to ω0 gives rise to the geodesic flow of
(M, g). Let Ω be a closed 2-form on M and consider the new symplectic form ω
defined as
ω = ω0 + pi
∗Ω.
The Hamiltonian flow of H with respect to ω gives rise to the magnetic geodesic
flow φt : TM → TM . This flow models the motion of a unit charge of unit mass in
a magnetic field whose Lorentz force Y : TM → TM is the bundle map uniquely
determined by
Ωx(ξ, η) = 〈Yx(ξ), η〉
for all x ∈M and ξ, η ∈ TxM . Every trajectory of the magnetic flow is a curve on
M called magnetic geodesic. Magnetic geodesics satisfy Newton’s law of motion
∇γ˙ γ˙ = Y (γ˙). (1)
Here ∇ is the Levy-Civita connection of g. The triple (M, g,Ω) is said to be a
magnetic system. In the absence of magneti field, that is Ω = 0, we recover the
ordinary geodesic flow and ordinary geodesics. Note that on the magnetic geodesics
time is not reversible, unless Ω = 0; note also that to ensure each magnetic geodesic
has unit tangent vectors, a specific energy level needs to be specified, from now
upon we assume this has been done so that the tangent vectors to each magnetic
geodesic is of unit length.
Magnetic flows were firstly considered in [2, 3] and it was shown in [4, 14, 23, 24,
25, 26] that they are related to dynamical systems, symplectic geometry, classical
mechanics and mathematical mechanics. The inverse problems related to magnetic
flows were studied in [1, 11, 12]
Now we consider stationary linear transport equation for magnetic system (M, g,Ω).
Let (x, ξ) is a point in the sphere bundle SM and denote by u(x, ξ) the density of
particles at position x with velocity ξ. In magnetic Riemannian manifold function
u satisfies the stationary linear transport equation
−Gµu(x, ξ)− a(x, ξ)u(x, ξ) +
∫
SxM
k(x, η, ξ)u(x, η) dσx(η) = 0, (2)
where dσx is the volume form on SxM determined by the metric g at point x. Here
and further by Gµ we denote the generator of the magnetic flow.
Let us give the short explanation of the transport equation (2). The first term on
the left models the motion of a particles, along the magnetic geodesics of (M, g,Ω),
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that does not interact with the material. The second term describes the loss of par-
ticles at (x, ξ) while scattering to another direction or while absorption, quantified
by function a(x, ξ) which we call attenuation coefficient. The third term de-
scribes production of particles at (x, ξ) scattering from other directions. The kernel
k(x, η, ξ), called scattering coefficient, represents the probability of a particle at
(x, η) scattering to (x, ξ).
When the metric is Euclidean, then (2) is a model for transport in a medium
with constant index of refraction. The case of the metric conformal to the Euclidean
corresponds to transport with varying, isotropic index of refraction. In this case (2)
can be derived as a limiting case of Maxwell’s equations with isotropic permeability,
if Ω = 0. For more details see e.g. [6]. For general Riemannian metric, (2) is
considered as a model for transport in a medium with varying, anisotropic index of
refraction.
Define the incoming and outgoing sphere bundles on ∂M as
∂±SM = {(x, ξ) ∈ SM |x ∈ ∂M,±〈ξ, ν(x)〉 > 0},
here ν is the inward unit normal vector to ∂M . The medium is probed with a given
radiation u+(x, ξ), which is a function on ∂+SM . Let u be the solution to (2) with
boundary condition u|∂+SM = u+, assuming it exists. Then we define the albedo
operator
A : u+ → u|∂−SM ,
which takes incoming flux u+ to outgoing flux A(u+) = u|∂−SM on the boundary.
The goal is to recover the attenuation coefficient a(x, ξ) and the scattering coefficient
k(x, η, ξ) from the knowledge of albedo operator A.
There have been a lot of papers devoted to this problem, and we list some of
these results here. In Euclidean case, uniqueness of this recovery has been consid-
ered under various assumptions in [9, 18, 29, 30]. Stability of this reconstruction
process is studied in [7, 19]. This problem have also been investigated on manifolds.
In [16], was considered the problem of reconstructing these two coefficients on a
Riemannian manifold equipped with a known metric, and was proved uniqueness of
the reconstruction process under some geometric assumptions. A stability result in
Riemannian setting was later showed in [20].
In this paper we inquire the problem of reconstruction the attenuation coefficient
a(x, ξ) and the scattering coefficient k(x, η, ξ) for all x ∈ M and ξ, η ∈ SxM , from
albedo operator in the presence of a magnetic field. We also investigate the natural
problem of determining the metric g and the magnetic field Ω from A.
The structure of this paper is as follows. In Section 2 we state our main results
on uniqueness and non-uniqueness, as well as determination of the metric from
albedo operator. In Section 3.1 we reduce well-posedness of the direct problem
to an integral equation, and in Section 3.2 we show that the direct problem is
well posed under two types of subcritical conditions. This makes albedo operator
A a bounded operator between appropriate function spaces. Section 4 is devoted
to computing the distribution kernel of albedo operator. In Section 5 we extract
useful expressions from this distributional kernel. Section 6 contains the proofs
of uniqueness and non-uniqueness results in recovering the attenuation coefficient
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a and the scattering coefficient k. In Section 7 we we state our main result on
stability. Section 8 is devoted to preparatory estimates, and Section 9 is devoted to
the proof of the stability result.
Acknowledgements. The first author would like to express his acknowledgements
to Prof. Nurlan S. Dairbekov for all his help and encouragement. Both authors
would like to express their acknowledgements to Prof. Gunther Uhlmann for con-
stant assistance and support. The work of both authors was partially supported by
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2. Statement of the main results on uniqueness and non-uniqueness
Let (M, g,Ω) be a magnetic system. For a given (x, ξ) ∈ SM , we define τ+(x, ξ)
(resp. τ−(x, ξ)) to be the positive (resp. negative) time when the unit speed mag-
netic geodesic γx,ξ, with γx,ξ(0) = x and γ˙x,ξ(0) = ξ, exits the manifold M . Also,
define τ = τ+ − τ−. In general, τ± may be infinite. So, we assume that the mag-
netic system (M, g,Ω) is simple, which ensures that τ± are well-defined, finite, and
moreover, continuous on SM . By simplicity of the magnetic system we mean that
1. The boundary ∂M is strictly magnetic convex.
2. The exponential map expµx : (exp
µ
x)
−1M → M is a C1-diffeomorphism for
every x ∈M .
In this case, M is diffeomorphic to the unit ball of Rn and therefore Ω is exact i.e.,
is of the form
Ω = dm
where m is a 1-form on M — magnetic potential. We call (M, g,m) a simple
magnetic system on M .. The notion of simplicity arises naturally in the context
of the boundary rigidity problem [11, 21]. Since τ+ and τ− are finite functions, we
define the following function on SM
τ(x, ξ) = τ+(x, ξ)− τ−(x, ξ), (x, ξ) ∈ SM.
We also introduce the following volume form on SM
dΣ2n−1(x, ξ) = dσx(ξ) dVolg(x), (x, ξ) ∈ SM
where dVolg is the volume form on M determined by the metric g.
The pair (a, k) is said to be admissible if

0 ≤ a ∈ L∞(SM),
0 ≤ k(x, η, ·) ∈ L1(SxM), for a.e. (x, η) ∈ SM,
σp(x, η) =
∫
SxM
k(x, η, ξ) dσx(ξ) ∈ L∞(SM).
Admissibility condition guarantees that the second and third terms in (2) are
bounded operators. But the first term is unbounded. The direct problem (2) with
u|∂+SM = u+ can be reduced to non-homogeneous equation with homogeneous
boundary condition. Then we say that the direct problem (2) with u|∂+SM = u+ is
well posed, if it has a unique solution.
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In particular, the direct problem is well posed if either one of the following two
subcritical conditions hold:
‖τσp‖L∞(SM) < 1, (3)
a(x, ξ)− σp(x, ξ) ≥ 0 for a.e. (x, ξ) ∈ SM, (4)
see Proposition 3.8 and Proposition 3.9. These results generalize previous results
in [7, 9, 10, 16, 22, 27].
Even for the case of Euclidean space, albedo operator does not uniquely deter-
mine a without further restriction on a; see [9]. Our first main result says that, under
the assumption that the attenuation coefficient a = a(x) is isotropic, that albedo
operator determines admissible pair (a, k). This result generalizes corresponding
results obtained in [9, 16]
Theorem 2.1. Let (M, g,m) be a simple magnetic system and dimM ≥ 3. Assume
that the pair (a, k) with isotropic attenuation coefficient is admissible, and that the
direct problems is well posed. Then the corresponding albedo operator A determines
the pair (a, k) uniquely.
The case when a is anisotropic was considered in [29] for Euclidean space. It
was shown that knowing the albedo operator, one can uniquely recover the class
of “gauge equivalent” admissible pairs (a, k). This was extended to Riemannian
manifolds in [18].
Now, let us recall what gauge equivalence means. The notion of gauge equiva-
lence, stated in [29] and extended to Riemannian manifolds in [18], is valid in the
presence of a magnetic field. Let w ∈ L∞(SM) be positive with 1/w ∈ L∞(SM),
Gµw ∈ L∞(SM) and such that w|∂SM = 1. Set
a˜(x, ξ) = a(x, ξ) −Gµ logw(x, ξ), k˜(x, η, ξ) = w(x, ξ)k(x, η, ξ)
w(x, η)
. (5)
Then u satisfies (2) if and only if u˜ = wu satisfies
−Gµu˜(x, ξ) − a˜(x, ξ)u˜(x, ξ) +
∫
SxM
k˜(x, η, ξ)u˜(x, η) dσx(η) = 0.
Note that the albedo operator A for (a, k) is equal to the albedo operator A˜ for
(a˜, k˜), since u = u˜ on ∂(SM).
We say that two admissible pairs (a, k) and (a˜, k˜) are gauge equivalent if there
exists a positive function w ∈ L∞(SM) with 1/w ∈ L∞(SM), Gµw ∈ L∞(SM)
and w|∂SM = 1 such that (5) holds. We denote this relation (which is an equivalence
relation) by (a, k) ∼ (a˜, k˜).
In this paper we prove the following result which is a generalization of corre-
sponding results in [18, 29]
Theorem 2.2. Let (M, g,m) be a simple magnetic system with dimM ≥ 3. Assume
that the pairs (a, k) and (a˜, k˜) are admissible, and that their corresponding direct
problems are well posed. Then A = A˜ if and only if (a, k) ∼ (a˜, k˜).
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Now, assume that the attenuation coefficient depends only on the line determined
by vector ξ, that is
a(x, ξ) = a(x,−ξ), x ∈M, ξ ∈ SxM, (6)
and assume that the scattering coefficient is positive and symmetric in the following
sense:
k(x, η, ξ) = k(x, ξ, η), x ∈M, ξ, η ∈ SxM. (7)
In this case we prove the following uniqueness result generalizing corresponding
results obtained in [18, 29].
Theorem 2.3. Let (M, g,m) be a simple magnetic system and dimM ≥ 3. Let
(a, k) and (a˜, k˜) be admissible pairs, and assume either (3) or (4) holds.
(a) Suppose that k, k˜ > 0 satisfy (7), then A = A˜ if and only if k = k˜ and
a = a˜+Gµh for some function h on M vanishing on ∂M .
(b) Suppose that k, k˜ > 0 satisfy (7) and a, a˜ satisfy (6), then A = A˜ if and
only if (a, k) = (a˜, k˜).
The example of a situation where symmetry (7) holds is when scattering coef-
ficient depends on the angle of scattering, that is, k(x, ξ, η) = k(x, θ(ξ, η)) where
θ(ξ, η) is the angle between ξ and η at x.
In [29], explicit reconstruction formulas were given if the pair (a, k) satisfies sym-
metry and continuity assumptions in Euclidean case. For Riemannian setting these
formulas were derived in [18]. The proof was based on the reversibility property
of geodesic flow (in Riemannian case), which does not hold for magnetic flow. In
general, magnetic flows are not reversible. It would be interesting if one derives
explicit formulas to express (a, k) under symmetry assumption in the presence of a
magnetic field.
3. Preliminaries and the direct problems
In this section we show well posedness of the direct problem (2) under two sub-
critical conditions (3) and (4) respectively. As a result, albedo operator becomes a
well-defined bounded linear operator between appropriate function spaces.
3.1. Preliminaries. We introduce measure dµ on ∂±SM . Let dΣ
2n−1 the volume
form on ∂±SM obtained by the natural restriction of dΣ
2n−1 to ∂±SM . We define
dµ(x′, ξ′) = |〈ξ′, ν(x′)〉| dΣ2n−2(x′, ξ′).
We denote by L1(∂±SM) the corresponding L
1 spaces.
Proposition 3.1. If f ∈ L1(SM) then∫
SM
f(x, ξ)dΣ2n−1(x, ξ) =
∫
∂+SM
∫ τ+(x′,ξ′)
0
f(φt(x
′, ξ′))dtdµ(x′, ξ′)
=
∫
∂−SM
∫ 0
τ−(x′,ξ′)
f(φt(x
′, ξ′))dtdµ(x′, ξ′).
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Proof. The first equality is proved in [11, Lemma A.8]. The proof of the second
equality is similar. 
We proceed now to solve the boundary value problem (2) with u|∂+SM = u+ ∈
L1(∂+SM) and shall do so by reformulating the problem as an integral equation.
First,
Gµu(x, ξ) = g(x, ξ), u|∂+SM = 0
has solution
u(x, ξ) =
∫ 0
τ−(x,ξ)
g(φs(x, ξ))ds.
Next, let u+ be a function on ∂+SM . Then
Gµu(x, ξ) + a(x, ξ)u(x, ξ) = 0 in SM, u|∂+SM = u+
has solution Ju+, where
Ju+(x, ξ) = E(x, ξ, τ−(x, ξ), 0)u+(φτ−(x,ξ)(x, ξ))
and E(x, ξ, s, t) = exp
(
−
t∫
s
a(φp(x, ξ)) dp
)
.
Proposition 3.2. If u+ ∈ L1(∂+SM), then Ju+ ∈ L1(SM, τ−1 dΣ2n−1) and
‖τ−1Ju+‖L1(SM) ≤ ‖u+‖L1(∂+SM).
Proof. Using Proposition 3.1,
‖τ−1Ju+‖L1(SM)
≤
∫
∂+SM
∫ τ+(x′,ξ′)
0
1
τ(φt(x′, ξ′))
|u+(φτ−(φt(x′,ξ′))(φt(x′, ξ′)))| dt dµ(x′, ξ′)
=
∫
∂+SM
∫ τ+(x′,ξ′)
0
1
τ+(x′, ξ′)
|u+(x′, ξ′)| dt dµ(x′, ξ′)
=
∫
∂+SM
|u+(x′, ξ′)| dµ(x′, ξ′) = ‖u+‖L1(∂+SM).
This implies the statement of the proposition. 
Set T0u = −Gµu− au in the distributional sense, and
T1u(x, ξ) =
∫
SxM
k(x, ξ′, ξ)u(x, ξ′) dσx(ξ
′), T = T0 + T1
Sometimes we regard T0 and T as unbounded operators, in this case we write
T0f = T0f, Tf = Tf,
with domain
D(T0) = D(T) = {f ∈ L1(SM) : Gµf ∈ L1(SM), f |∂+SM = 0}.
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Then T0 : D(T0) :→ L1(SM) is closed, one-to-one and onto with a bounded inverse
given by
T−10 f(x, ξ) := −
∫ 0
τ−(x,ξ)
E(x, ξ, t, 0)f(φt(x, ξ)) dt.
Next we are going to reduce the equation (2) to an integral equation. Equation
(2) can be rewritten as T0u+T1u = 0 and we solve it with u|∂+SM = u+. Multiply
T0u+T1u = 0 by E(x, ξ, t, 0) and integrate it along the magnetic geodesic γx,ξ from
τ−(x, ξ) to 0. Taking to account the boundary condition u|∂+SM = u+, we get
(Id+K)u = Ju+ (8)
where K is the following integral operator
Ku(x, ξ) = T−10 T1 = −
∫ 0
τ−(x,ξ)
E(x, ξ, t, 0)(T1u)(φt(x, ξ))) dt.
Therefore, since Ju+ ∈ L1(SM, τ−1 dΣ2n−1), solving the boundary value problem is
equivalent to inverting the operator Id+K on the weighted space L1(SM, τ−1 dΣ2n−1).
Next step is to show that the well-posedness of the direct problem implies the
boundedness of τ−1T−1 on L1(SM).
Proposition 3.3. Let (M, g,m) be a simple magnetic system. Assume that the pair
(a, k) is admissible and that the direct problems is well posed. Then the operator
τ−1T−1 is bounded on L1(TM).
Proof. Recall that solving (2) with u|∂+SM ∈ L1(∂+SM) is equivalent to solving
(8). Proposition 3.2 we have Ju+ ∈ L1(SM, τ−1 dΣ2n−1). By hypothesis, the
inverse of Id+K exists as a bounded operator on L1(SM, τ−1 dΣ2n−1). Therefore,
writing
T−1 = (Id+K)−1T−10 : L
1(SM)→ L1(SM, τ−1 dΣ2n−1),
we see that τ−1T−1 is bounded on L1(SM). 
We need the following two lemmas studying boundedness of two related opera-
tors.
Lemma 3.4. The operator τ−1T−10 is bounded on L
1(SM) with
‖τ−1T−10 f‖L1(SM) ≤ ‖f‖L1(SM).
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Proof. For f ∈ L1(SM),
‖τ−1T−10 f‖L1(SM)
=
∫
∂+SM
∫ τ+(x′,ξ′)
0
∣∣∣∣∣
∫ 0
τ−(φt(x′,ξ′)
E(φt(x
′, ξ′), s, 0)f(φt+s(x
′, ξ′)) ds
∣∣∣∣∣
× 1
τ(φt(x, ξ))
dt dµ(x′, ξ′)
≤
∫
∂+SM
∫ τ+(x′,ξ′)
0
1
τ(φt(x, ξ))
∣∣∣∣∣
∫ 0
−t
f(φt+s(x
′, ξ′)) ds
∣∣∣∣∣ dt dµ(x′, ξ′)
≤
∫
∂+SM
∫ τ+(x′,ξ′)
0
1
τ+(x′, ξ′)
∫ τ+(x′,ξ′)
0
∣∣f(φs(x′, ξ′))∣∣ ds dt dµ(x′, ξ′)
=
∫
∂+SM
∫ τ+(x′,ξ′)
0
|f(φs(x′, ξ′))| ds dµ(x′, ξ′) = ‖f‖L1(SM).
We are done. 
Lemma 3.5. The operator T1τ is bounded on L
1(SM) with
‖T1τf‖L1(SM) ≤ ‖τσp‖L∞(SM)‖f‖L1(SM).
Proof. For f ∈ L1(SM),
‖T1τf‖L1(SM) =
∫
M
∫
SxM
∣∣∣∣
∫
SxM
k(x, ξ′, ξ)τ(x, ξ′)f(x, ξ′) dσx(ξ
′)
∣∣∣∣ dσx(ξ) dVolg(x)
≤
∫
M
∫
SxM
∫
SxM
k(x, ξ′, ξ)τ(x, ξ′)|f(x, ξ′)| dσx(ξ′) dσx(ξ) dVolg(x)
=
∫
M
∫
SxM
σp(x, ξ
′)τ(x, ξ′)|f(x, ξ′)| dσx(ξ′) dVolg(x)
≤ ‖τσp‖L∞(SM)‖f‖L1(SM).
The proof is finished. 
3.2. Well-posedness under subcritical conditions. We define the function
space W as follows
W = {f ∈ L1(SM) : Gµf ∈ L1(SM), τ−1f ∈ L1(SM)},
with norm
‖f‖W = ‖Gµf‖L1(SM) + ‖τ−1f‖L1(SM).
The following theorem is proven in [9] for Euclidean metric and in [16] for the case
of Riemannian metric, it enables us to define the trace of a function in W .
Proposition 3.6. If f(x, ξ) ∈ W, then ‖f |∂±SM‖L1(∂±SM) ≤ ‖f‖W .
Proof. It was show in [9] that if h, ∂th ∈ L1([0, a]), for some a > 0, then the following
inequality is valid
|h(0)| ≤ ‖∂th‖L1([0,a]) + 1
a
‖h‖|L1([0,a]). (9)
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Similarly it can be easily shown that if h, ∂th ∈ L1([b, 0]), for some b < 0, then the
following inequality is valid
|h(0)| ≤ ‖∂th‖L1([0,a]) − 1
b
‖h‖|L1([b,0]). (10)
Let f(x, ξ) ∈ W . Define
h(x′, ξ′, t) = f(φt(x
′, ξ′)), (x′, ξ′) ∈ ∂+SM, 0 ≤ t ≤ τ+(x′, ξ′).
It is well known that Gµ = ∂φt(x, ξ)/∂t|t=0. Then
Gµf(φt(x
′, ξ′)) =
∂
∂s
∣∣∣
s=0
f(φt+s(x
′, ξ′)) = ∂th(x
′, ξ′, t),
so ∂th ∈ L1(SM). Therefore by Fubini’s theorem, ∂th ∈ L1([0, τ+(x′, ξ′)]) for
almost every (x′, ξ′) as well as h ∈ L1([0, τ+(x′, ξ′)]) for almost every (x′, ξ′). Making
use of (9) we get
|f(x′, ξ′)| = |f(φ0(x′, ξ′))|
≤
∫ τ+(x′,ξ′)
0
|Gµf(φt(x′, ξ′))| dt+ 1
τ+(x′, ξ′)
∫ τ+(x′,ξ′)
0
|f(φt(x′, ξ′))| dt.
Integrating this inequality over ∂+SM and applying Proposition 3.1 to the right-
hand side, we finish the proof of theorem for f |∂+SM . The proof for f |∂−SM can be
done in similar way using (10). 
The operator J is a bounded linear operator mapping L1(∂+SM) into W . This
is the following proposition.
Proposition 3.7. The operator J : L1(∂+SM)→W is bounded with
‖Ju+‖W ≤ (1 + ‖τa‖L∞(SM))‖u+‖L1(∂+SM).
Proof. Since −GµJu+ = aJu+, the following holds
‖Ju+‖W = ‖τ−1Ju+‖L1(SM)+‖aJu+‖L1(SM) ≤ (1+‖τa‖L∞(SM))‖τ−1Ju+‖L1(SM).
The proof is complete. 
Now, we prove that under subcritical condition (3) the direct problem is well
posed.
Proposition 3.8. Assume that the subcritical condition (3) holds.
(a) K = T−10 T1 is bounded on L
1(SM, τ−1dΣ2n−1), the operator norm of K is
bounded by ‖τσp‖L∞(SM) < 1, and so Id+K is invertible on this space.
Therefore, the direct problem (2) with u|∂+SM = u+ ∈ L1(∂+SM), is
uniquely solvable with solution u ∈ W.
(b) The albedo operator A : L1(∂+SM)→ L1(∂−SM) is bounded map.
Proof. As K = T−10 T1, from Lemma 3.4 and Lemma 3.5 we have
‖τ−1Kf‖L1(SM) = ‖τ−1T−10 T1f‖L1(SM) ≤ ‖T1f‖L1(SM)
≤ ‖τσp‖L∞(SM)‖τ−1f‖L1(SM).
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The subcritical condition (3) is hence imposed so that K is a bounded operator
on L1(SM, τ−1dΣ2n−1) with norm strictly less than one, hence Id+K is invertible
on this space. Therefore (8), and hence (2), with u|∂+SM = u+ has the unique
solution u = (Id+K)−1Ju+. To finish the proof of (a) it is left to show that u ∈ W
whenever u+ ∈ L1(∂+SM). Using Proposition 3.2, we have
‖τ−1u‖L1(SM) ≤ C‖u+‖L1(∂+SM),
with C = ‖(Id+K)−1‖L1(SM,τ−1 dΣ2n−1)→L1(SM,τ−1 dΣ2n−1).
Since Gµu = −au+ T1u, we get
‖Gµu‖L1(SM) ≤ (‖τa‖L∞(SM) + ‖τσp‖L∞(SM))‖τ−1u‖L1(SM) <∞
from the previous estimate. Thus u ∈ W and the proof of (a) is complete.
To prove item (b), use Proposition 3.6 for Au+ = u|∂−SM with previous two
inequalities for τ−1u and Gµu to get
‖Au‖L1(∂−SM) ≤ ‖Gµu‖L1(SM) + ‖τ−1u‖L1(SM)
≤ (1 + ‖τa‖L∞(SM) + ‖τσp‖L∞(SM))‖τ−1u‖L1(SM)
≤ (1 + ‖τa‖L∞(SM) + ‖τσp‖L∞(SM))(1− ‖τσp‖L∞(SM))−1‖u+‖L1(∂+SM).
This completes the proof of item (b). 
Next, we prove that under subcritical condition (4) the direct problem is well
posed.
Proposition 3.9. Assume that the subcritical condition (4) holds.
(a) The operator Id+K is invertible on L1(SM, τ−1 dΣ2n−1) with (Id+K)−1 =
Id−T−1T1. Therefore, the forward problem (2), with u|∂+SM = u+ ∈
L1(∂+SM), is uniquely solvable with solution u ∈ W.
(b) The albedo operator A : L1(∂+SM)→ L1(∂−SM) is bounded map.
Proof. To show the invertibility of Id+K on L1(TM, τ−1dV 2n), we proceed in a
different way. Consider the operator T1T
−1
0 : L
1(SM)→ L1(SM), this is a bounded
operator by Lemma 3.4 and Lemma 3.5. First, we will show that, assuming the
subcritical condition (4), this operator has norm strictly less than one. For this
purpose, we compute
‖T1T−10 f‖L1(SM) ≤
∫
M
∫
SxM
∫
SxM
∫ 0
τ−(x,η)
k(x, η, ξ)E(x, η, t, 0)
× |f(φt(x, η))| dt dσx(η) dσx(ξ) dVolg(x)
=
∫
M
∫
SxM
∫ 0
τ−(x,η)
σp(x, η)E(x, η, t, 0)|f(φt(x, η))| dt dσx(η) dVolg(x)
≤
∫
M
∫
SxM
∫ 0
τ−(x,η)
σp(x, η)e
∫
t
0
σp(φu(x,η)) du|f(φt(x, η))| dt dσx(η) dVolg(x).
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Make a change of variable (x, η) = φs(x
′, η′) on the right-hand side to get
‖T1T−10 f‖L1(SM) ≤
∫
∂+SM
∫ τ+(x′,η′)
0
∫ 0
−s
σp(φs(x
′, η′))e
∫
t
0
σp(φu+s(x
′,η′)) du
× |f(φt+s(x′, η′))| dt ds dµ(x′, η′)
=
∫
∂+SM
∫ τ+(x′,η′)
0
∫ s
0
σp(φs(x
′, η′))e
∫
t
s
σp(φu(x
′,η′)) du
× |f(φt(x′, η′))| dt ds dµ(x′, η′).
Observe that
σp(φs(x
′, η′))e
∫
t
s
σp(φu(x
′,η′)) du = − d
ds
(
e
∫
t
s
σp(φu(x
′,η′)) du
)
.
Switching the order of integration with respect to s and t we obtain
‖T1T−10 f‖L1(SM)
≤
∫
∂+SM
∫ τ+(x′,η′)
0
(∫ τ+(x′,η′)
t
σp(φs(x
′, η′))e
∫
t
s
σp(φu(x
′,η′)) du ds
)
× |f(φt(x′, η′))| dt dµ(x′, η′)
=
∫
∂+SM
∫ τ+(x′,η′)
0
(
1− e−
∫ τ+(x′,η′)
t σp(φu(x
′,η′)) du
)
× |f(φt(x′, η′))| dt dµ(x′, η′)
≤
(
1− e−2‖σp‖L∞(SM)‖τ‖L∞(SM)
)
‖f‖L1(SM) < ‖f‖L1(SM).
Therefore, Id±T1T−10 are invertible on L1(SM). Now, we derive the invertibility
of Id+K on L1(SM, τ−1dΣ2n−1). Firstly, T = (Id+T1T
−1
0 )T0 on D(T). Since
‖T1T−10 ‖ < 1, the operator T admits a bounded inverse on L1(SM), this is given
by T−1 = T−10 (Id+T1T
−1
0 )
−1. We have
(Id+K)(Id−T−1T1)
= Id+T−10 T1 −T−10 (Id+T1T−10 )−1T1 −T−10 (T1T−10 (Id+T1T−10 )−1)T1.
= Id+T−10 (Id−(Id+T1T−10 )−1 − T1T−10 (Id+T1T−10 )−1)T1 = Id .
Similarly (Id−T−1T1)(Id+K) = Id. Therefore, Id+K is invertible on L1(SM).
Secondly, since L1(SM, τ−1dΣ2n−1) ⊂ L1(SM), the operator K is bounded on
L1(SM, τ−1dΣ2n−1). If we can show T−1T1 is bounded on L
1(SM, τ−1dΣ2n−1),
then Id−T−1T1 will also be the inverse of Id+K on subspace L1(SM, τ−1dΣ2n−1).
That T−1T1 is bounded on L
1(SM, τ−1dΣ2n−1) follows from
‖τ−1T−1T1f |L1(SM) = ‖τ−1T−10 (Id+T1T−10 )−1T1f‖L1(SM)
≤ ‖(Id+T1T−10 )−1T1f‖L1(SM) ≤ ‖(Id+T1T−10 )−1‖‖T1f‖L1(SM)
≤ ‖(Id+T1T−10 )−1‖‖τσp‖L∞(SM)‖τ−1f‖L1(SM),
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where we have used Lemma 3.4, Lemma 3.5 and that the operator Id+T1T
−1
0 :
L1(SM) → L1(SM) has a bounded inverse. Thus, Id−T−1T1 is the bounded
inverse of Id+K on L1(SM, τ−1dΣ2n−1). Therefore (8), and hence (2), with
u|∂+SM = u+ has the unique solution u = (Id+K)−1Ju+. To finish the proof
of (a) it is left to show that u ∈ W whenever u+ ∈ L1(∂+SM). The proof of this
and the proof of item (b) are exactly as in Proposition 3.8. 
4. Distribution kernel of albedo operator
This section is devoted to the derivation of distribution kernel of A. To do this
we need to solve (2) with a singular boundary condition:
−Gµu(x, ξ)− a(x, ξ)u(x, ξ) +
∫
SxM
k(x, η, ξ)u(x, η) dηx = 0,
u|∂+SM = δ{x′,ξ′}(x, ξ),
(11)
where (x′, ξ′) ∈ ∂+SM is regarded as a parameter and δ{x′,ξ′} is a distribution on
∂+SM defined by
(δ{x′,ξ′}, ϕ) =
∫
∂+SM
δ{x′,ξ′}(x, ξ)ϕ(x, ξ) dµ(x, ξ) = ϕ(x
′, ξ′) ϕ ∈ C∞c (∂+SM).
Since we assume that the magnetic system is simple, the following map is well-
defined: for (x, ξ) ∈ SM and for y ∈M we denote by Pyx(ξ) the parallel translation
of ξ along the unique magnetic geodesic from x to y.
Theorem 4.1. Assume that (a, k) is admissible and the direct problem is well posed.
Then the solution u of (11) is of the form u = u1 + u2 + u3, where
u1(x, ξ, x
′, ξ′) =
∫ τ+(x′,ξ′)
0
E(x, ξ, τ−(x, ξ), 0)δ(x,ξ)(φt(x
′, ξ′)) dt, (12)
u2(x, ξ, x
′, ξ′) =
∫ τ+(x′,ξ′)
0
∫ 0
τ−(x,ξ)
E(x, ξ, s, 0)E(x′, ξ′, 0, r)· (13)
· k
(
φr(x
′, ξ′),Pγx′,ξ′(r)
γx,ξ(s)
(γ˙x,ξ(s))
)
δγx,ξ(s)(γx′,ξ′(r)) ds dr,
u3(x, ξ, x
′, ξ′) ∈ L∞(∂+SM ;W), (14)
and where (x, ξ) ∈ SM and (x′, ξ′) ∈ ∂+SM .
Proof. To solve problem (11) take ϕ+ ∈ C∞c (∂+SM) and denote by ϕ the solution
to
−Gµϕ(x, ξ) − a(x, ξ)ϕ(x, ξ) +
∫
SxM
k(x, η, ξ)ϕ(x, η) dηx = 0,
ϕ|∂+SM = ϕ+.
(15)
As we explained in Section 3.1, the equation (15) with ϕ|∂+SM = ϕ+ has the unique
solution ϕ = (Id+K)−1Jϕ+, which can be rewritten as follows
ϕ = Jϕ+ −KJϕ+ + (Id+K)−1K2Jϕ+.
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Since T−1 = (Id+K)−1T−10 and K = T
−1
0 T1 we get
ϕ = Jϕ+ −KJϕ+ +T−1T1KJϕ+. (16)
Now we analyze three terms in (16) for ϕ and so we determine the distribution
kernel of the solution operator ϕ+ 7→ ϕ of (15). This solves (11) in the sense of
distributions.
Let us begin with the first term Jϕ+ on the right-hand side of (16). If ψ ∈
C∞c (SM), then
(Jϕ+, ψ)
=
∫
∂+SM
∫ τ+(x′,ξ′)
0
Jϕ+(φt(x
′, ξ′))ψ(φt(x
′, ξ′)) dt dµ(x′, ξ′)
=
∫
∂+SM
ϕ+(x
′, ξ′)
∫ τ+(x′,ξ′)
0
E(φt(x
′, ξ′), τ−(φt(x
′, ξ′)), 0)ψ(φt(x
′, ξ′)) dt dµ(x′, ξ′)
=
∫
M
∫
SxM
∫
∂+SM
ϕ+(x
′, ξ′)
∫ τ+(x′,ξ′)
0
E(x, ξ, τ−(x, ξ), 0)
× δ(x,ξ)(φt(x′, ξ′)) dt dµ(x′, ξ′)ψ(x, ξ) dσx(ξ) dVolg(x),
where δ(x¯,ξ¯) is the distribution on SM defined by
(δ(x¯,ξ¯), ϕ) =
∫
M
∫
SxM
δ(x¯,ξ¯)ϕ(x, ξ) dσx(ξ) dVolg(x) = ϕ(x¯, ξ¯) ϕ ∈ C∞c (SM).
Thus,
Jϕ+(x, ξ) =
∫
∂+SM
u1(x, ξ, x
′, ξ′)ϕ(x′, ξ′) dµ(x′, ξ′), (17)
with u1 as given in (12) – the first statement of the theorem.
Consider further the second term −KJϕ+ on the right-hand side of (16). By
straightforward calculations we get
− (KJϕ+, ψ) = −
∫
∂+SM
∫ τ+(x′,ξ′)
0
KJϕ+(φt(x
′, ξ′))ψ(φt(x
′, ξ′)) dt dµ(x′, ξ′)
=
∫
∂+SM
∫ τ+(x′,ξ′)
0
∫ 0
τ−(φt(x′,ξ′))
E(φt(x
′, ξ′), s, 0)(T1Jϕ+)(φt+s(x
′, ξ′))
× ψ(φt(x′, ξ′)) ds dt dµ(x′, ξ′)
=
∫
M
∫
SxM
∫ 0
τ−(x,ξ)
∫
Sγx,ξ(s)M
E(x, ξ, s, 0)E(γx,ξ(s), η, τ−(γx,ξ(s), η), 0)
× k(γx,ξ(s), η, γ˙x,ξ(s))ϕ+(x¯, ξ¯)ψ(x, ξ) dσγx,ξ(s)(η) ds dσx(ξ) dVolg(x),
where (x, ξ) = φt(x
′, ξ′) and (x¯, ξ¯) = φτ−(γx,ξ(s),η)(γx,ξ(s), η).
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Using parallel translation along magnetic geodesics we obtain
−(KJϕ+, ψ) =
∫
M
∫
SxM
∫ 0
τ−(x,ξ)
∫
M
δγx,ξ(s)(y)
∫
SyM
E(x, ξ, s, 0)E(y, η, τ−(y, η), 0)
× k(y, η,Py
γx,ξ(s)
(γ˙x,ξ(s)))ϕ+(φτ−(y,η)(y, η))ψ(x, ξ)
× dσy(η) dVolg(y) ds dσx(ξ) dVolg(x),
where δx is a delta distribution on M defined by
(δx, ϕ)M =
∫
M
δx(y)ϕ(y) dVolg(y) = ϕ(x) ϕ ∈ C∞c (M).
Make change of variables (y′, η′, r) = (φτ−(y,η)(y, η),−τ−(y, η)). Interchanging the
order of integration dr dµ(y′, η′) ds to ds dr dµ(y′, η′), we have
− (KJϕ+, ψ) =
∫
M
∫
SxM
ψ(x, ξ)
∫
∂+SM
ϕ+(y
′, η′)
∫ τ+(y′,η′)
0
∫ 0
τ−(x,ξ)
E(x, ξ, s, 0)
× E(y′, η′, 0, r)k(φr(y′, η′),Pγy′,η′ (r)γx,ξ(s) (γ˙x,ξ(s)))
× δγx,ξ(s)(γy′,η′(r)) ds dr dµ(y′, η′) dσx(ξ) dVolg(x)
and so obtain (13).
Finally we analyse the third term in (16). We start with T1KJϕ+(x, ξ):
T1KJϕ+(x, ξ) =
∫
SxM
∫ 0
τ−(x,η)
∫
Sγx,η(t)M
k(x, η, ξ)k(γx,η(t), ζ, γ˙x,η(t))E(x, η, t, 0)
× E(γx,η(t), ζ, τ−(γx,η(t), ζ), 0)ϕ+(φτ−(γx,η(t),ζ)(γx,η(t), ζ))
× dσγx,η(t)(ζ) dt dηx. (18)
We claim that the integral above is absolutely convergent for a.e. (x, ξ) ∈ SM .
Indeed, as K = T−10 T1, from Lemma 3.4 and Lemma 3.5 we have
‖τ−1Kf‖L1(SM) = ‖τ−1T−10 T1f‖L1(SM) ≤ ‖T1f‖L1(SM)
≤ ‖τσp‖L∞(SM)‖τ−1f‖L1(SM),
for f ∈ L1(SM). Using this and Lemma 3.5 with Lemma 3.2, we have
‖T1KJϕ+‖L1(SM)
≤‖T1τ‖L1(SM)→L1(SM)‖τ−1Kτ‖L1(SM)→L1(SM)‖τ−1Jϕ+‖L1(SM)
≤‖τσp‖2L∞(SM)‖ϕ+‖L1(∂+SM).
(19)
Thus by Fubini’s theorem, the integral T1KJϕ+ is absolutely convergent for a.e.
(x, ξ) ∈ SM , as claimed.
Make the following change of variables y = expµx(tη) = γx,η(t) where exp
µ
x is
the magnetic exponential map. Let J be the Jacobian of this change of variables.
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Introduce the following notations η˜x(y) = γ˙x,η(0) ∈ SxM , η˜(y) = γ˙x,η(t) ∈ SyM .
Then time t can be expressed in terms of x and y as follows
t(x, y) = −|(exp
µ
x)
−1y|
|η˜x(y)| .
Using all of this we obtain
T1KJϕ+(x, ξ) =
∫
M
∫
SyM
k(x, η˜x(y), ξ)k(y, ζ, η˜y(y))E(x, η˜x(y), t(x, y), 0)
× E(y, ζ, τ−(y, ζ), 0)ϕ+(φτ−(y,ζ)(y, ζ))|J | dσy(ζ) dVolg(y).
Now, using Proposition 3.1 we change variables again: setting (y, ζ) = φs(y
′, ζ′) we
get
T1KJϕ+(x, ξ) =
∫
∂+SM
∫ τ+(x′,ξ′)
0
k(x, η˜x(γx′,ξ′(s)), ξ)k(φs(x
′, ξ′), η˜(γx′,ξ′(s)))
× E(x, η˜x(γx′,ξ′(s)), t(x, γx′,ξ′(s)), 0)E(φs(x′, ξ′), τ−(φs(x′, ξ′)), 0)
× ϕ+(x′, ξ′))|J | ds dµ(x′, ξ′).
Rewriting this expression we obtain
T1KJϕ+(x, ξ) =
∫
∂+SM
u˜3(x, ξ, x
′, ξ′)ϕ+(x
′, ξ′) dµ(x′, ξ′),
where
u˜3(x, ξ, x
′, ξ′) =
∫ τ+(x′,ξ′)
0
k(x, η˜x(γx′,ξ′(s)), ξ)k(φs(x
′, ξ′), η˜(γx′,ξ′(s)))
× E(x, η˜x(γx′,ξ′(s)), t(x, γx′,ξ′(s)), 0)E(φs(x′, ξ′), τ−(φs(x′, ξ′)), 0)|J | ds.
Inequality (19) implies that T1KJϕ+ ∈ L1(SM) for all ϕ+ ∈ L1(∂+SM, dµ). So,
above equation and the Riesz representation theorem for L1(SM)-valued functionals
gives us that u˜3 ∈ L∞(∂+SM ;L1(SM)).
We write
T−1T1KJϕ+(x, ξ) =
∫
∂+SM
u3(x, ξ, x
′, ξ′)ϕ+(x
′, ξ′) dµ(x′, ξ′),
where u3 = T
−1u˜3. Our aim is to show that u3 ∈ L∞(∂+SM ;W). By Proposi-
tion 3.3 the operator τ−1T−1 is bounded from L1(SM) to L1(SM), so
τ−1u3 ∈ L∞(∂+SM ;L1(SM)),
or equivalently
u3 ∈ L∞(∂+SM ;L1(SM, τ−1 dΣ2n−1)).
Note that we can write
Gµu3 = −au3 + T1u3 + u˜3.
Since the map u3 7→ −au3+T1u3 is bounded from L1(SM, τ−1 dΣ2n−1) to L1(SM)
by admissibility, we get that Gµu3 ∈ L∞(∂+SM ;L1(SM)) which gives (14). 
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Now we describe the terms in the expansion of the distribution kernel of albedo
operator A.
Theorem 4.2. Let (M, g,m) be a simple magnetic system. Assume that the pair
(a, k) is admissible and the direct problem is well posed. Then the albedo operator
A : ∂+SM → ∂−SM is bounded and its Schwartz kernel α has the expansion
α = α1 + α2 + α3, where
α1(xˆ, ξˆ, x
′, ξ′) = E(xˆ, ξˆ, τ−(xˆ, ξˆ), 0)δ{φ
τ−(xˆ,ξˆ)
(xˆ,ξˆ)}(x
′, ξ′),
α2(xˆ, ξˆ, x
′, ξ′) =
∫ τ+(x′,ξ′)
0
∫ 0
τ−(xˆ,ξˆ)
E(xˆ, ξˆ, s, 0)E(x′, ξ′, 0, r)·
· k
(
φr(x
′, ξ′),Pγx′,ξ′(r)
γ
xˆ,ξˆ
(s) (γ˙xˆ,ξˆ(s))
)
δγxˆ,ξˆ(s)(γx′,ξ′(r)) ds dr,
α3(xˆ, ξˆ, x
′, ξ′) ∈ L∞(∂+SM ;L1(∂−SM)).
Proof. Actually we have αi(·, ·, x′, ξ′) = ui(·, ·, x′, ξ′)|∂−SM , i = 1, 2, 3. Let ϕ+ ∈
C∞c (∂+SM), then for (xˆ, ξˆ) ∈ ∂−SM consider
ϕi(xˆ, ξˆ) =
∫
∂+SM
ui(xˆ, ξˆ, x
′, ξ′)ϕ+(x
′, ξ′) dµ(x′, ξ′).
From (12) we have
ϕ1(xˆ, ξˆ) =
∫
∂+SM
α1(xˆ, ξˆ, x
′, ξ′)ϕ+(x
′, ξ′) dµ(x′, ξ′)
which proves the expression for α1.
The expression for α2 follows by (13) by setting (x, ξ) = (xˆ, ξˆ) ∈ ∂−SM . State-
ment for α3 is true due to (14) and Proposition 3.7 
5. Extracting from the kernel of albedo operator
Let dµ(x, y) be the length of the unit speed magnetic geodesic issued from x
and passing through y. Let ψ ∈ C∞c (R) be such that 0 ≤ ψ ≤ 1, ψ(0) = 1 and∫
R
ψ(l) dl = 1. Define ψε(l) = ψ(l/ε).
Proposition 5.1. Let (M, g,m) be a simple magnetic system. Assume that the
pair (a, k) is admissible and the direct problem is well posed. Then the following
holds in L1loc(∂−SM)
lim
ε→0
∫
∂+SM
α(x, ξ, x′, ξ′)ψε(dµ(x
′, γx,ξ(τ−(x, ξ)))) dµ(x
′, ξ′) = E(x, ξ, τ−(x, ξ), 0).
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Proof. When α is replaced by α1 the result is immediate. We need to show that
when α is replaced by α2 and α3 the limits vanish. We consider α2 first.
0 ≤
∫
∂−SM
∫
∂+SM
∫ τ+(x′,ξ′)
0
∫ 0
τ−(x,ξ)
k(φr(x
′, ξ′),Pγx′,ξ′(r)
γx,ξ(s)
(γ˙x,ξ(s)))·
× δγx,ξ(s)(γx′,ξ′(r))ψε ◦ dµ(x′, γx,ξ(τ−(x, ξ))) ds dr dµ(x′, ξ′) dµ(x, ξ)
=
∫
M
∫
S2yM
k(y, η′, η)ψε◦dµ(γy,η′(τ−(y, η′)), γy,η(τ−(y, η))) dσy(η′) dσy(η) dVolg(y)
where (y, η′) = φr(x
′, ξ′) and (y, η) = φs(x, ξ). There exists a constant C such that
suppψε ◦ dµ(γy,η′(τ−(y, η′)), γy,η(τ−(y, η)))
⊂Wε = {(y, η′, η) ∈ S2M :‖η′ − η‖g < Cε}.
where S2M := {(x, ξ, η) : x ∈M, ξ, η ∈ SxM} Then from above inequality we have
0 ≤
∫
∂−SM
∫
∂+SM
α2(x, ξ, x
′, ξ′)ψε ◦ dµ(x′, γx,ξ(τ−(x, ξ))) dµ(x′, ξ′) dµ(x, ξ)
≤
∫
Wε
k(y, η′, η) dσy(η
′) dσy(η) dVolg(y)
which tends to zero as ε → 0 since k ∈ L1(S2M) and the measure of Wε → 0 as
ε→ 0.
Finally, for α3
0 ≤
∫
∂−SM
∣∣∣∣∣
∫
∂+SM
α3(x, ξ, x
′, ξ′)ψε ◦ dµ(x′, γx,ξ(τ−(x, ξ))) dµ(x′, ξ′)
∣∣∣∣∣ dµ(x, ξ)
≤
∫
Vε
|α3(x, ξ, x′, ξ′)| dµ(x′, ξ′) dµ(x, ξ)→ 0
as ε→ 0. Here
suppψε ◦ dµ(x′, γx,ξ(τ−(x, ξ)))
⊂ Vε = {(x, ξ, x′, ξ′) ∈ ∂−SM × ∂+SM : dµ(x′, γx,ξ(τ−(x, ξ))) < Cε}
and the limit above holds since, by Theorem 4.2, α3 ∈ L1(∂−SM ×∂+SM) and the
measure of Vε → 0 as ε→ 0. 
Let ψ ∈ C∞c (Rn) be such that 0 ≤ ψ ≤ 1, ψ(x) = 0 for |x| > 1,
∫
Rn
ψ(x) dx = 1.
Define ψε : SyM → R as
ψε(η) =
1
εn
ψ
(η
ε
)
, ε > 0, η ∈ SyM.
Recall that if f : SyM → R is continuous then∫
SyM
f(η′ − η)ϕε(η) dσy(η)→ f(η′), η′ ∈ SyM
as ε→ 0.
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Fix (y, η′, η) ∈ S2M . Now let
Z = {γy,η˜(τ−(y, η˜)) : η˜ ∈ span{η, η′}} ⊂ ∂M.
We let h1 be a defining function for the set Z as follows. For z ∈ ∂M let γz be
the magnetic geodesic issued from z and passing through y such that γ(0) = z and
γ(1) = y. Denote by pi(z) the orthogonal projection of γ˙(1) onto (span{η, η′})⊥.
Now we define h1(z) =‖pi(z)‖g. For z ∈ ∂M , we have h1(z) = 0 if and only if z ∈ Z.
Let ϕ ∈ C∞c (R) satisfying 0 ≤ ϕ ≤ 1, ϕ(0) = 1,
∫
R
ϕ(x) dx = 1 and define
ϕρ : ∂M → R
ϕρ(z) = ϕ
(
h1(z)
ρ
)
, ρ > 0, z ∈ ∂M.
Define y(s) = γy,η(s) and b(s) = Py(s)y (η′) ∈ Sy(s)M for τ−(y, η) ≤ s ≤ τ+(y, η).
Denote x∗ = γy,η′(τ−(y, η
′)). Also, define h(s) = γy(s),b(s)(τ−(y(s), b(s))) ∈ ∂M .
Note that h(0) = x∗ and h(s) ∈ Z for each s, so h1(h(s)) = 0.
Denote η∗ = dh(s)/ds|s=0 ∈ Sx∗∂M . Note that η∗ 6= 0 since η and η′ are linearly
independent. Define h2 : ∂M → R by
h2(x
′) = 〈(expµx∗)−1(x′), η∗〉g.
This function is zero only at x′ = x∗. Moreover, dh2(h(s))/ds|s=0 =‖η∗‖2g 6= 0.
Define W := {(x, η, ξ) ∈ S2M : η 6= ±ξ}. Let χ ∈ C∞c (R) such that 0 ≤ χ ≤ 1,
χ(0) = 1,
∫
R
χ(x) dx =‖η∗‖2 and define χδ : ∂M → R
χδ(x
′) =
1
δ
χ
(
h2(x
′)
δ
)
, δ > 0, x′ ∈ ∂M.
Proposition 5.2. Let (M, g,m) be a simple magnetic system with dimM ≥ 3.
Assume that the pair (a, k) is admissible and the direct problem is well posed. If
(y, η, η′) ∈ S2M with η = η′, then
lim
δ→0
lim
ρ→0
lim
ε→0
∫
∂+SM
ψε(Px′y (η′)− ξ′)χδ(x′)ϕρ(x′)α(φτ+(y,η)(y, η), x′, ξ′) dµ(x′, ξ′)
= E(φτ+(y,η)(y, η),−τ+(y, η), 0)E(φτ−(y,η′)(y, η′), 0,−τ−(y, η′))k(y, η′, η),
with the limit holding in L1loc(W ).
Proof. Replacing α by α1 we obtain a multiple of χδ(γy,η(τ−(y, η))) that is zero for
small enough δ unless η′ and η linearly dependent.
Replacing α by α2 and making the change of variables (yˆ, ηˆ) = φr(x
′, ξ′)
I1 :=
∫
∂+SM
ψε(Px′y (η′)− ξ′)χδ(x′)ϕρ(x′)α2(φτ+(y,η)(y, η), x′, ξ′) dµ(x′, ξ′)
=
∫
M
∫
SyˆM
ψε(Pγyˆ,ηˆ(τ−(yˆ,ηˆ))y (η′)− γ˙yˆ,ηˆ(τ−(yˆ, ηˆ)))χδ(γyˆ,ηˆ(τ−(yˆ, ηˆ)))
× ϕρ(γyˆ,ηˆ(τ−(yˆ, ηˆ)))
∫ τ+(yˆ,ηˆ)
τ−(yˆ,ηˆ)
E(φτ+(y,η)(y, η), s− τ+(y, η), 0)
× E(φτ−(yˆ,ηˆ)(yˆ, ηˆ), 0,−τ−(yˆ, ηˆ))k(yˆ, ηˆ, y˙(s))δy(s)(yˆ) ds dσyˆ(ηˆ) dVolg(yˆ).
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Changing the order of integration from ds dσyˆ(ηˆ) dVolg(yˆ) to dσyˆ(ηˆ) dVolg(yˆ) ds
we obtain
I1 =
∫ τ+(y,η)
τ−(y,η)
∫
Sy(s)M
ψε(b(s)− ηˆ)χδ(γy(s),ηˆ(τ−(y(s), ηˆ)))ϕρ(γy(s),ηˆ(τ−(y(s), ηˆ)))
× E(φτ+(y,η)(y, η), s− τ+(y, η), 0)E(φτ−(y(s),ηˆ)(y(s), ηˆ), 0,−τ−(y(s), ηˆ))
× k(y(s), ηˆ, y˙(s)) dσy(s)(ηˆ) ds
which tends to the following as ε→ 0
I2 :=
∫ τ+(y,η)
τ−(y,η)
χδ(h(s))E(φτ+(y,η)(y, η), s− τ+(y, η), 0)
× E(h(s), γ˙y(s),b(s)(τ−(y(s), b(s))), 0,−τ−(y(s), b(s)))k(y(s), b(s), y˙(s)) ds,
where we used that ϕρ(h(s)) = 1. Perform the change of variable s to s˜ = h2(h(s)) in
above integral. This is possible since for sufficiently small δ for all s in suppχδ(h(s))
the following holds ds˜
ds
6= 0.
So, for sufficiently small s˜0,
I2 =
∫ s˜0
−s˜0
1
δ
χ
(
s˜
δ
)
E(φτ+(y,η)(y, η), s(s˜)− τ+(y, η), 0)
× E(h(s(s˜)), γ˙y(s(s˜)),b(s(s˜))(τ−(y(s(s˜)), b(s(s˜)))), 0,−τ−(y(s(s˜)), b(s(s˜))))
× k(y(s(s˜)), b(s(s˜)), y˙(s(s˜)))ds
ds˜
ds˜
tends to the next value as δ → 0
E(φτ+(y,η)(y, η),−τ+(y, η), 0)E(φτ−(y,η′)(y, η′), 0,−τ−(y, η′))k(y, η′, η).
Finally, let β(y, η, η′) ∈ C∞c (W ). Then∫
M
∫
SyM
∫
SyM
∣∣∣∣
∫
∂+SM
ψε(Px′y (η′)− ξ′)χδ(x′)ϕρ(x′)
× β(y, η, η′)α3(φτ+(y,η)(y, η), x′, ξ′) dµ(x′, ξ′)
∣∣∣∣ dσy(η′) dσy(η) dVolg(y)
≤ 1
εδ
∫
∂−SM
∫
τ−(x,ξ)
∫
Sy(s)M
∫
∂+SM
ϕρ(x
′)β(φs(x, ξ), η
′)
× α3(x, ξ, x′, ξ′) dµ(x′, ξ′) dη′γx,ξ(s) ds dµ(x, ξ)
≤ − 1
εδ
∫
∂+SM
∫
∂−SM
ϕρ(x
′)Cβ(x, ξ)τ−(x, ξ)
× α3(x, ξ, x′, ξ′) dµ(x, ξ) dµ(x′, ξ′) (20)
where
Cβ(x, ξ) = sup
s∈[τ−(x,ξ),0]
∫
Sy(s)M
β(φs(x, ξ), η
′) dσγx,ξ(s)(η
′).
The integral (20) tends to zero as ρ → 0, since the support of ϕρ is a (3n − 2)-
dimensional variety in the (4n− 4)-dimensional domain ∂−SM × ∂+SM . 
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6. Uniqueness and non-uniqueness results
Proof of Theorem 2.1. Taking the limit as in Proposition 5.1 we determine∫ 0
τ−(x,ξ)
a(γx,ξ(t)) dt
for all (x, ξ) ∈ ∂−SM . Thus we know the magnetic ray transform of a which is
invertible by [11] for isotropic a.
Now, taking the limit as in Proposition 5.2, we determine k for all (x, η′, η) ∈
W . Since collision kernel k is an L1 function, knowing k in W is equivalent to
knowing k. 
Proof of Theorem 2.2. Sufficiency has been verified before the statement of the
theorem, so we need only show necessity. Proposition 5.1 implies that for any
(x, ξ) ∈ ∂−SM ∫ 0
τ−(x,ξ)
a(φt(x, ξ)) dt =
∫ 0
τ−(x,ξ)
a˜(φt(x, ξ)) dt.
Define
v(x, ξ) :=
∫ 0
τ−(x,ξ)
(a− a˜)(φt(x, ξ)) dt, (x, ξ) ∈ SM.
Then v satisfies the following conditions: v|∂+SM = 0 and v|∂−SM = 0. Thus v = 0
for all x ∈ ∂M and for almost every ξ ∈ SxM . Define a function w as follows
w(x, ξ) := exp v(x, ξ), (x, ξ) ∈ SM.
Then the following holds
Gµ logw(x, ξ) = Gµv(x, ξ) = (a− a˜)(x, ξ)
which proves the first part of (5).
By Proposition 5.2 for any (y, η′, η) ∈W it holds that
E(φτ+(y,η)(y, η),−τ+(y, η), 0)E(φτ−(y,η′)(y, η′), 0,−τ−(y, η′))k(y, η′, η)
= E˜(φτ+(y,η)(y, η),−τ+(y, η), 0)E˜(φτ−(y,η′)(y, η′), 0,−τ−(y, η′))k˜(y, η′, η).
It is easy to see that
E˜(φτ+(y,η)(y, η),−τ+(y, η), 0) = E(φτ+(y,η)(y, η),−τ+(y, η), 0)
1
w(y, η)
and
E˜(φτ−(y,η′)(y, η
′), 0,−τ−(y, η′)) = E(φτ−(y,η′)(y, η′), 0,−τ−(y, η′))w(y, η′).
These give us the second part of (5). 
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Proof of Theorem 2.3. Interchanging η′ and η in the second part of (5) we get
k˜(y, η′, η) =
w(y, η)
w(y, η′)
k(y, η′, η) =
w(y, η)
w(y, η′)
k(y, η, η′)
=
(
w(y, η)
w(y, η′)
)2
k˜(y, η, η′) =
(
w(y, η)
w(y, η′)
)2
k˜(y, η′, η).
By positivity of k we get that w(y, η) = w(y, η′) for all η, η′ ∈ SyM which gives
that w = w(y) is independent of η and k˜ = k by the second part of (5).
Using the first part of (5) we obtain
a˜(y, η)− a(y, η) = Gµ logw(y)
which proves item (i).
Next, item (ii) is proved since
a˜(y, η)− a(y, η) = a˜(y,−η)− a(y,−η) = −Gµ logw(y)
combined with the previous equality gives a˜ = a. 
7. Statement of the main result on stability estimate
In our next result we show stability of the gauge equivalent classes. The method
of proof requires the total travel time to be strictly greater than zero for all magnetic
geodesics in M . This can be done, without loss of generality, if we extend metric g
and magnetic potential m to g1 and m1 respectively on a slightly larger manifold
M1, with M ⊂ M int1 , in such a way that (M1, g1,m1) remains a simple magnetic
system. As in [19] we reduce the inverse problem on M to the inverse problem on
M1, where attenuation coefficients and scattering coefficients are extended as zero
in M1 \M .
Let (a, k) and (a˜, k˜) be coefficients such that the direct problems in (M, g,m) are
well posed, and A and A˜ the corresponding albedo operators. Define a, a˜, k, k˜ to be
zero in M1\M , then the forward problems in (M1, g1,m1) are also well posed and
the albedo operators A1 and A˜1 are well posed maps between function spaces on
∂±SM1 = {(x, ξ) ∈ ∂(SM1) : ±〈ξ, ν1(x)〉 > 0}
where ν1 is the inward unit normal to ∂M1. We can introduce a volume form dµ1
on ∂±SM1 in a similar way as we introduced dµ on ∂±SM in Section 3.1. As in
[19], when the direct problems forM are well posed in Lp, 1 ≤ p ≤ ∞, the following
holds
‖A− A˜‖L(L1(∂+SM);L1(∂−SM)) = ‖A1 − A˜1‖L(L1(∂+SM1);L1(∂−SM1)).
This extension process allows to consider the problem on (M1, g1,m1) where the
coefficients are compactly supported without changing stability. Therefore, from
now on we assume the coefficients are originally compactly supported on M and
define the quantity
c0 := inf{τ(x, ξ) : (x, ξ) ∈ SM} > 0. (21)
INVERSE RADIATIVE TRANSFER IN THE PRESENCE OF A MAGNETIC FIELD 23
To state the stability result, we introduce some notations: define two norms for
scattering coefficients
‖k‖∞,1 = ‖σp‖L∞(SM) = ess sup(x,η)∈SM
∫
SxM
|k(x, η, ξ)| dσx(ξ),
‖k‖1 =
∫
M
∫
SxM
∫
SxM
|k(x, η, ξ)| dσx(η) dσx(ξ) dVolg(x).
Denote by 〈a, k〉 the gauge equivalence class in the sense of (5) which contains the
pair (a, k); the distance ∆ between equivalence classes is defined to be the infimum
of the distances between all possible pairs of representatives, i.e.
∆(〈a, k〉, 〈a˜, k˜〉) = inf
(a′,k′)∈〈a,k〉, (a˜′,k˜′)∈〈a˜,k˜〉
max{‖a′ − a˜′‖L∞(SM), ‖k′ − k˜′‖1}.
For Σ, ρ > 0, define the class
UΣ,ρ := {(a, k) is admissible : ‖a‖L∞(SM) ≤ Σ, ‖k‖∞,1 ≤ ρ}.
Theorem 7.1. Let (M, g,m) be a simple magnetized Riemannian manifold of di-
mension n ≥ 3. Let (a, k), (a˜, k˜) ∈ UΣ,ρ be such that they satisfy either (3) or (4).
Then there exists a constant C depending on Σ, ρ, n and c0 in (21) such that
∆(〈a, k〉, 〈a˜, k˜〉) ≤ C‖A− A˜‖L(L1(∂+SM);L1(∂−SM)).
More precisely, there exists a representative (a′, k′) ∈ 〈a, k〉 such that
‖a′ − a˜‖L∞(SM) ≤ C‖A− A˜‖L(L1(∂+SM);L1(∂−SM)), (22)
‖k′ − k˜‖1 ≤ C‖A − A˜‖L(L1(∂+SM);L1(∂−SM)). (23)
This generalizes previously known results in Euclidean and Riemannian cases
[19, 20].
8. Preliminary estimates
In this section, as a preparation, we prove some preliminary estimates.
Proposition 8.1. There is a family of maps wε,x′0,ξ′0 ∈ L1(∂+SM), for (x′0, ξ′0) ∈
∂+SM and ε > 0, such that ‖wε,x′0,ξ′0‖L1(∂+SM) = 1 and for any f ∈ L∞(∂+SM)
we have
lim
ε→0
∫
∂+SM
wε,x′0,ξ′0(x
′, ξ′)f(x′, ξ′) dµ(x′, ξ′) = f(x′0, ξ
′
0) (24)
whenever (x′0, ξ
′
0) is in the Lebesgue set of f . In particular, (24) holds for almost
every (x′0, ξ
′
0) ∈ ∂+SM .
Proof. For (x′0, ξ
′
0) ∈ ∂+SM and ε > 0 sufficiently small, let (x′, ξ′) : U × V ⊂
R
n−1 × Rn−1 → ∂(SM) be a coordinate chart near (x′0, ξ′0) = (x′(0), ξ′(0)). Let
dΣ2n−2(x′, ξ′) = dΣ2n−2(x′(u), ξ′(u, v)) =
√
det g dv du be the expression for the
volume form in this coordinate chart. For (x′, ξ′) ∈ ∂+SM , define
wε,x′0,ξ′0(x
′, ξ′) =
1
|〈ν(x′), ξ′〉|√det gϕε(u(x
′))ϕε(v(x
′, ξ′))
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where ϕ(u) = 1/ωn−1 for |u| < 1, ϕ(u) = 0 for |u| ≥ 1, and ϕε(u) = ϕ(u/ε)/εn−1.
By ωn−1 we denote the volume of the unit ball in R
n−1. Then for any ε > 0∫
Rn−1
ϕε(u) du = 1.
With above coordinates
dµ(x′, ξ′) = |〈ν(x′), ξ′〉| dΣ2n−2(x′, ξ′) = |〈ν(x′), ξ′〉|
√
det g du dv,
so we have∫
∂+SM
wε,x′0,ξ′0(x
′, ξ′)f(x′, ξ′) dµ(x′, ξ′)
=
∫
∂+SM
ϕε(u(x
′))ϕε(v(x
′, ξ′))f(x′, ξ′)
1√
det g
dΣ2n−2(x′, ξ′)
=
∫
Rn−1×Rn−1
ϕε(u)ϕε(v)f(x
′(u), ξ′(u, v)) dv du.
Applying above results to the function f ≡ 1 we get∫
∂+SM
wε,x′0,ξ′0(x
′, ξ′) dµ(x′, ξ′) = 1,
the proof is completed by using [13, Theorem 8.15]. 
For (x, ξ, η) ∈ S2M we define
F (x, ξ, η) = E(x, ξ, τ−(x, ξ), 0)E(x, η, 0, τ+(x, η))
which is the total attenuation along the broken magnetic geodesic
γx,ξ,η(t) =
{
γx,ξ(t) if τ−(x, ξ) ≤ t ≤ 0,
γx,η(t) if 0 ≤ t ≤ τ+(x, η).
Theorem 8.2. Let (a, k), (a˜, k˜) be admissible pairs. For almost every (x′0, ξ
′
0) ∈
∂+SM the following estimates hold: For n ≥ 2,
|E − E˜|(x′0, ξ′0, 0, τ+(x′0, ξ′0)) ≤ ‖A− A˜‖. (25)
For n > 2, with y(r) = γx′0,ξ′0(r),∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
F (y(r), y˙(r), η)(k − k˜)(y(r), y˙(r), η) dηy(r) dr ≤ ‖A− A˜‖
+
∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
|F − F˜ |(y(r), y˙(r), η)k˜(y(r), y˙(r), η) dηy(r) dr. (26)
where ‖ · ‖ = ‖ · ‖L(L1(∂+SM);L1(∂−SM)).
Proof. Let (x′0, ξ
′
0) ∈ ∂+SM and let wε,x′0,ξ′0 ∈ L1(∂+SM) be a family of maps
defined as in Proposition 8.1. We write wε instead of wε,x′0,ξ′0 to simplify notations
without any misunderstanding, since (x′0, ξ
′
0) is fixed.
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Let h ∈ L∞(∂−SM) with ‖h‖L∞(∂−SM) ≤ 1. Since ‖wε‖L1(∂+SM) = 1, the
mapping properties of the albedo operator imply that∣∣∣∣∣
∫
∂−SM
h(xˆ, ξˆ)[A− A˜]wε(xˆ, ξˆ) dµ(xˆ, ξˆ)
∣∣∣∣∣ ≤ ‖A− A˜‖. (27)
Since the albedo operator can be decomposed into three terms, we evaluate each of
the three terms in ∫
∂−SM
h(xˆ, ξˆ)[A− A˜]wε(xˆ, ξˆ) dµ(xˆ, ξˆ).
We evaluate the first term using the first formula in Theorem 4.2
I1(h, ε) :=
∫
∂−SM
h(xˆ, ξˆ)[A1 − A˜1]wε(xˆ, ξˆ) dµ(xˆ, ξˆ)
=
∫
∂+SM
h(φτ+(x′,ξ′)(x
′, ξ′))wε(x
′, ξ′)
×
[
E(x′, ξ′, 0, τ+(x
′, ξ′))− E˜(x′, ξ′, 0, τ+(x′, ξ′))
]
dµ(x′, ξ′).
Since the integrand above is in L∞(∂+SM) we may apply (24) to get the following
for a.e. (x′0, ξ
′
0) ∈ ∂+SM
I1(h)(x′0, ξ′0) := lim
ε→0
I1(h, ε)
= h(φτ+(x′0,ξ′0)(x
′
0, ξ
′
0))
[
E(x′0, ξ
′
0, 0, τ+(x
′
0, ξ
′
0))− E˜(x′0, ξ′0, 0, τ+(x′0, ξ′0))
]
. (28)
Next, we evaluate the second term using the second formula in Theorem 4.2. Set
y(r) = γx′,ξ′(r)
I2(h, ε) :=
∫
∂−SM
h(xˆ, ξˆ)[A2 − A˜2]wε(xˆ, ξˆ) dµ(xˆ, ξˆ)
=
∫
∂+SM
wε(x
′, ξ′)
∫ τ+(x′,ξ′)
0
∫
Sy(r)M
h(φτ+(y(r),η)(y(r), η))
×
[
F (y(r), y˙(r), η)k(y(r), y˙(r), η) − F˜ (y(r), y˙(r), η)k˜(y(r), y˙(r), η)
]
× dσy(r)(η) dr dµ(x′, ξ′).
Applying (24) we obtain for a.e. (x′0, ξ
′
0) ∈ ∂+SM with y(r) = γx′0,ξ′0(r)
I2(h)(x′0, ξ′0) := lim
ε→0
I2(h, ε)
=
∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
h(φτ+(y(r),η)(y(r), η))
×
[
F (y(r), y˙(r), η)k(y(r), y˙(r), η) − F˜ (y(r), y˙(r), η)k˜(y(r), y˙(r), η)
]
× dσy(r)(η) dr. (29)
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We can write I2 = I2,1 + I2,2 with
I2,1(h)(x′0, ξ′0) :=
∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
h(φτ+(y(r),η)(y(r), η))
× F (y(r), y˙(r), η)(k − k˜)(y(r), y˙(r), η) dσy(r)(η) dr (30)
and
|I2,2(h)(x′0, ξ′0)| ≤
∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
|F − F˜ |(y(r), y˙(r), η)
× k˜(y(r), y˙(r), η) dσy(r)(η) dr. (31)
Now, we consider the third term
I3(h, ε) :=
∫
∂−SM
h(xˆ, ξˆ)[A3 − A˜3]wε(xˆ, ξˆ) dµ(xˆ, ξˆ)
=
∫
∂+SM
wε(x
′, ξ′)
∫
∂−SM
h(xˆ, ξˆ)(α3 − α˜3)(xˆ, ξˆ, x′, ξ′) dµ(xˆ, ξˆ) dµ(x′, ξ′).
By Theorem 4.2 the integrand above is in L∞(∂+SM), then using (24) we have for
a.e. (x′0, ξ
′
0) ∈ ∂+SM
I3(h)(x′0, ξ′0) := lim
ε→0
I3(h, ε) =
∫
∂−SM
h(xˆ, ξˆ)(α3 − α˜3)(xˆ, ξˆ, x′0, ξ′0) dµ(xˆ, ξˆ). (32)
Taking limit ε→ 0 in (27) we get
|I1(h)(x′0, ξ′0) + I2(h)(x′0, ξ′0)| ≤ ‖A− A˜‖+ I3(|h|)(x′0, ξ′0) (33)
for a.e. (x′0, ξ
′
0) ∈ ∂+SM and for any h ∈ L∞(∂−SM) with ‖h‖L∞(∂−SM) = 1.
To prove estimates (25) and (26) we will consider sequence of functions h for each
case. First, we prove the estimate (25). Let hm ∈ L∞(∂−SM) be 1 in a shrinking
neighbourhood of (xˆ0, ξˆ0) := φτ+(x′0,ξ′0)(x
′
0, ξ
′
0). Consider the set
Om(xˆ0, ξˆ0) = {ξ ∈ Sxˆ0M : ‖ξ − ξˆ0‖g(xˆ0) <
1
m
}
and extend hm to all Sxˆ0M as characteristic function of Om(xˆ0, ξˆ0). Then extend
hm to all SM by
hm(x, ξ) =
{
0 if dµ(x, xˆ0) ≥ 1m
hm(xˆ0,P xˆ0x (ξ)) if dµ(x, xˆ0) < 1m .
By (28) this gives that
I1(hm)(x′0, ξ′0) = E(x′0, ξ′0, 0, τ+(x′0, ξ′0))− E˜(x′0, ξ′0, 0, τ+(x′0, ξ′0))
independent of m. From (29) we have limm→∞ I2(hm) = 0, since for any r the
support of hm(φτ+(y(r),η)(y(r), η)) in η ∈ Sy(r)M shrinks to y˙(r). From (32) and
the third part of Theorem 4.2, we have limm→∞ I3(|hm|) = 0, since the support
shrinks to one point.
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Next, we prove the estimate (26). Let Nm(x′0, ξ′0) ⊂ M be the tubular neigh-
bourhood of the magnetic geodesic y(r) = γx′0,ξ′0(r), 0 ≤ r ≤ τ+(x′0, ξ′0) of radius
1
m
. Define a sequence hm ∈ L∞(∂−SM) in several steps. First, set hm(xˆ, ξˆ) = 0
if xˆ ∈ Nm(x′0, ξ′0). Note that I1(hm) = 0 for all m. Second, for (xˆ, ξˆ) ∈ ∂−SM
with xˆ /∈ Nm(x′0, ξ′0) we set hm(xˆ, ξˆ) = 0 if the magnetic geodesic z(s) = γxˆ,ξˆ(s),
τ−(xˆ, ξˆ) ≤ s ≤ 0 does not intersect Nm(x′0, ξ′0). Third, if γxˆ,ξˆ intersects Nm(x′0, ξ′0)
let 0 ≤ r(xˆ, ξˆ) ≤ τ+(x′0, ξ′0) and τ−(xˆ, ξˆ) ≤ s(xˆ, ξˆ) ≤ 0 be such that
dµ(y(r(xˆ, ξˆ)), z(s(xˆ, ξˆ))) = min
r,s
{dµ(y(r), z(s))}
and define
hm(xˆ, ξˆ) = sgn
[
(k − k˜)
(
y(r(xˆ, ξˆ)), y˙(r(xˆ, ξˆ)),Py(r(xˆ,ξˆ))
z(s(xˆ,ξˆ))
(
z˙(s(xˆ, ξˆ))
))]
.
Note that if (xˆ, ξˆ) = φτ+(y(r),η)(y(r), η) for some η ∈ Sy(r)M , that is the broken
magnetic geodesic with (x′0, ξ
′
0) as the beginning and with (xˆ, ξˆ) as the end. the
value hm(xˆ, ξˆ) takes the sign of k − k˜ at the point of scattering. Note that the
support of hm shrinks to a negligible set in ∂−SM as m→∞ since n > 2.
Applying (33) to hm we get
|I2,1(hm)|(x′0, ξ′0) ≤ ‖A− A˜‖+ I3(|hm|)(x′0, ξ′0) + |I2,2(hm)|(x′0, ξ′0)
since I1(hm) = 0. The support of hm shrinks to zero in ∂−SM as m → ∞, so for
almost every (x′0, ξ
′
0 ∈ ∂+SM) we have limm→∞ I3(|hm|)(x′0, ξ′0) = 0. Using (30),
(31) and |I2,1(hm)| = I2,1(|hm|) we get for almost every (x′0, ξ′0) ∈ ∂+SM
lim
m→∞
I2,1(hm)(x′0, ξ′0)
=
∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
F (y(r), y˙(r), η)(k − k˜)(y(r), y˙(r), η) dσy(r)(η) dr
≤ ‖A− A˜‖+
∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
|F − F˜ |(y(r), y˙(r), η)
× k˜(y(r), y˙(r), η) dσy(r)(η) dr,
which is the estimate (26). 
9. Stability estimates
With the above preliminary estimates we give the proof of Theorem 7.1. Take
two pairs (a, k), (a˜, k˜) ∈ UΣ,ρ and denote
ε := ‖A− A˜‖.
We construct pair (a′, k′) ∈ 〈a, k〉 such that statements of the theorem hold. Define
first the “trial” gauge transformation
w(x, ξ) := exp
{
−
∫ 0
τ−(x,ξ)
(a˜− a)(φs(x, ξ)) ds
}
a.e. (x, ξ) ∈ SM. (34)
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Then w is positive, w|∂+SM = 1, Gµw ∈ L∞(SM) and
a˜(x, ξ) = a(x, ξ)−Gµ logw(x, ξ). (35)
However the function w is not equal to 1 on ∂−SM . We will construct gauge trans-
form, i.e. a function w˜ ∈ L∞(SM) with 1/w˜,Gµw˜ ∈ L∞(SM) and w˜|∂SM = 1.
The constructed w˜ will give us (a′, k′). More precisely, for almost every (x, ξ) ∈ SM ,
we define w˜(x, ξ) by
log w˜(x, ξ) = logw(x, ξ) +
τ−(x, ξ)
τ(x, ξ)
logw(φτ+(x,ξ)(x, ξ)).
Simplicity assumption implies that w˜ ∈ L∞(SM) and it is easy to see that w˜|∂SM = 1.
Since the functions τ(x, ξ) and logw(φτ+(x,ξ)(x, ξ)) are constant along the orbits of
magnetic flow φ, we have
Gµ log w˜(x, ξ) = Gµ logw(x, ξ) −
logw(φτ+(x,ξ)(x, ξ))
τ(x, ξ)
∈ L∞(SM),
where we have used Gµτ−(x, ξ) = −1.
Now, define the pair (a′, k′) ∈ 〈a, k〉 by
a′(x, ξ) := a(x, ξ)−Gµ log w˜(x, ξ) and k′(x, ξ′, ξ) := w˜(x, ξ)
w˜(x, ξ′)
k(x, ξ′, ξ). (36)
The albedo operator A′, corresponding to (a′, k′), is equal to A, and therefore
‖A′ − A˜‖ = ‖A − A˜‖ = ε.
We need to compare the pair (a′, k′) with (a˜, k˜) to show that they satisfy (22) and
(23). We begin with estimating logw at ∂−SM which will be useful in estimating
a˜− a′. By (25) we have for almost every (x′0, ξ′0) ∈ ∂+SM
|E − E˜|(x′0, ξ′0, 0, τ+(x′0, ξ′0)) ≤ ε.
Denoting (xˆ0, ξˆ0) = φτ+(x′0,ξ′0)(x
′
0, ξ
′
0) we may rewrite above inequality as
|E − E˜|(xˆ0, ξˆ0, τ−(xˆ0, ξˆ0), 0) ≤ ε. (37)
Introduce the notation diamµ(M) := ‖τ‖L∞(SM). By the Mean Value Theorem
applied to u 7→ exp(−u) we obtain
|E − E˜|(xˆ0, ξˆ0, τ−(xˆ0, ξˆ0), 0) = exp(−u0)
∣∣∣∣∣
∫ 0
τ−(xˆ0,ξˆ0)
(a˜− a)(φt(xˆ0, ξˆ0)) dt
∣∣∣∣∣
= exp (−u0) | logw(xˆ0, ξˆ0)| ≥ exp(− diamµ(M)Σ)| logw(xˆ0, ξˆ0)| (38)
where u0(xˆ0, ξˆ0) is a value between next quantities
−
∫
τ−(xˆ0,ξˆ0)
a(φt(xˆ0, ξˆ0)) dt and −
∫
τ−(xˆ0,ξˆ0)
a˜(φt(xˆ0, ξˆ0)) dt.
Comparing (37) and (38) we get the following estimate for logw
| logw(xˆ, ξˆ)| ≤ exp(diamµ(M)Σ)ε, for a.e. (xˆ, ξˆ) ∈ ∂−SM. (39)
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Now,we estimate the difference between a˜ and a′. Using (35),(36) and (39), for
almost every (x, ξ) we get
|(a˜− a′)(x, ξ)| = |(a˜− a)(x, ξ) + (a− a′)(x, ξ)|
= |Gµ log w˜(x, ξ) −Gµ logw(x, ξ)|
logw(φτ+(x,ξ)(x, ξ))
τ(x, ξ)
≤ εexp(diamµ(M)Σ)
τ(x, ξ)
. (40)
Since the coefficients are supported away from ∂M , without loss of generality, from
(40) we obtain
‖a˜− a′‖∞ ≤ εexp(diamµ(M)Σ)
c0
with c0 defined in (21) . Estimate (22) is proven.
Next, we prove estimate (23). From now on we work with the case n > 2. From
(40) we get
|a′(x, ξ)| ≤ εexp(diamµ(M)Σ)
τ(x, ξ)
+ Σ.
Let (x′0, ξ
′
0) ∈ ∂+SM and 0 < r < τ+(x′0, ξ′0) and η ∈ SyM with y = γx′0,ξ′0(r).
Using it we obtain
|F ′(y(r), y˙(r), η)| = E(x′0, ξ′0, 0, r)E(y(r), η, 0, τ+(y(r), η))
≥ exp {−2 (ε exp(diamµ(M)Σ) + diamµ(M)Σ)} .
(41)
Using non-negativity of a˜ and a′ we have
|F˜ − F ′|(y(r), y˙(r), η)
≤ |E˜ − E′|(x′0, ξ′0, 0, r) + |E˜ − E′|(y(r), η, 0, τ+(y(r), η))
≤
∣∣∣∣
∫ r
0
[a˜− a′](φs(x′0, ξ′0)) ds
∣∣∣∣+
∣∣∣∣
∫ τ+(y(r),η)
0
[a˜− a′](φs(x′0, ξ′0)) ds
∣∣∣∣
≤ ε exp(diamµ(M)Σ)
(
r
τ(x′0, ξ0)
+
τ+(y(r), η)
τ(y(r), η)
)
≤ 2ε exp(diamµ(M)Σ) (42)
by (40). Substituting (41),(42) and applying the assumption ‖k˜‖∞,1 ≤ ρ to the
estimate (26) with respect to the pairs (a′, k′) and (a˜, k˜) we get∫ τ+(x′0,ξ′0)
0
∫
Sy(r)M
|k′ − k˜|(y(r), y˙(t), η) dσy(r)(η) dr
≤ ε (1 + 2 diamµ(M)ρωn−1 exp(diamµ(M)Σ))
× exp
{
2 diamµ(M)
(
ε
exp(diamµ(M)Σ)
c0
+Σ
)}
= εC1.
Integrating the above inequality in (x′0, ξ
′
0) ∈ ∂+SM with respect the measure
dµ(x′0, ξ
′
0), we get
‖k˜ − k′‖1 ≤ εVol(∂M)ωn−1C1
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and Theorem 7.1 holds with C = max{Vol(∂M)ωn−1C1, exp(diamµ(M)Σ)/c0}.
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